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Abstract 

Malaria remains one of the world's most significant parasitic diseases, requiring rapid and accurate diagnosis to reduce 

mortality. Recent advances in digital microscopy, artificial intelligence, and nanotechnology-enabled diagnostic platforms 

have created new opportunities for automated malaria detection. In particular, nano-enabled biosensors and lab-on-chip 

technologies increasingly rely on intelligent image analysis algorithms to improve diagnostic performance. In this study, 

convolutional neural network architectures (ResNet50, EfficientNetB0, InceptionResNetV2, and Xception) and Vision 

Transformer models (ViT-Base, Swin Transformer, DeiT, and Pyramid Vision Transformer) were evaluated for 

multiclass malaria detection using microscopic blood smear images. A five-fold cross-validation strategy was employed, 

and model interpretability was enhanced using Gradient-weighted Class Activation Mapping (Grad-CAM). Among the 

CNN models, Xception achieved an accuracy of 98.10%, while the Swin Transformer demonstrated comparable 

performance among transformer-based architectures. The results indicate that combining explainable artificial 

intelligence with transformer-based models improves both classification accuracy and model transparency, supporting 

their future integration into nano-enabled diagnostic systems, intelligent digital microscopy, and point-of-care biomedical 

devices. 

Keywords: malaria diagnosis, deep learning, vision transformer, explainable artificial intelligence, nanotechnology, 

nanobiosensors, medical image analysis, digital microscopy 

 

 

1. Introduction 

Malaria remains one of the most significant parasitic infectious diseases worldwide and continues to pose 

a major public health challenge, particularly in tropical and subtropical regions. Millions of people get this 

disease every year. According to the World Health Organization (WHO, 2024), in 2023 there were 263 million 

malaria cases worldwide and about 597 thousand deaths worldwide. The main cause of the disease is various 

types of Plasmodium parasites (most commonly P. falciparum and P. vivax). Malaria is transmitted to humans 

through the bite of infected female Anopheles mosquitoes [1]. Effective treatment of malaria in full and on 

time and the diagnosis of the infection are of absolute importance. Since the beginning of the traditional 

microscopic diagnostic method of the 20th century, the "gold standard" has been established; this method is 

open to allowing morphological changes in Plasmodium infection as a result of Erythrocytes (red blood cells-

RBC). In this method, stained blood is checked under a microscope; then, whichever parasite number in 

erythrocytes is considered high accuracy. This method is a process that is labor-intensive and operator-

dependent process, although it requires a significant amount of time. Sources say that human errors in clinics 

can affect the results, and serious effects can be demonstrated [1], [2]. 

Molecular methods such as polymerase chain reaction (PCR) and rapid diagnostic tests (RDT) also 

improve, but these methods require high-level laboratory equipment and are expensive, so both areas need 

https://doi.org/10.54414/LCGJ5320
mailto:sabinamirzaei@gmail.com
https://orcid.org/0000-0001-7092-8961
mailto:sabina.azizova@bsu.edu.az
https://orcid.org/0009-0000-5838-4412
mailto:ghadyaniiii@gmail.com
https://orcid.org/0009-0007-7430-492X
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large-scale and appropriate-level implementation. Therefore, increases in systems that require rapid results, 

automated, accurate, and cost-effective malaria detection [3], [4]. In recent years, Computer Vision (CV) and 

Deep Learning (DL) have significantly advanced the automated analysis of microscopic blood smear images. 

Various deep learning architectures, including Convolutional Neural Networks (CNNs), Faster R-CNN, 

YOLO, and Mask R-CNN, have been successfully applied to automated malaria detection [5]. These models 

automatically extract discriminative image features from microscopic blood smear images, enabling accurate 

classification of malaria parasites. Many CNN-based research systems have reported that malaria detection is 

between 95% and 99% accurate [6], [7]. However, CNN models have limitations in capturing long-range 

dependencies and understanding global contextual relationships between distant pixels and image regions. 

These limitations restrict their ability to effectively model complex spatial relationships within images. 

To overcome these limitations, a new generation of models inspired by Transformer architectures has been 

introduced. Originally developed for natural language processing (NLP), these models have demonstrated 

remarkable performance in computer vision tasks. These models show an image of various parts between long-

distance dependencies and global attention, the open relationships [8]. 

The promising results of the images in the analysis, including the architecture of Vision Transformer (ViT), 

Data Efficient Image Transformer (DeiT), Pyramid Vision Transformer (PVT), and Swin Transformer (malaria 

parasites in the testpit) [9], [10]. 

One of the major limitations of AI in medical diagnosis is the lack of interpretability (or explainability). 

Clinical specialists need not only a complete, but also a visualized explanation of the decision-making process. 

To this end, Gradient is mainly used in Class Activation Mapping (Grad-CAM) methods, but also helps decide 

on the most impactful areas highlighted by the model. This is both an increase in the trust of doctors in AI 

systems, as well as facilitating error analysis and improvement of algorithms [11]. 

Moreover, in recent years, nanotechnology has significantly contributed to the development of rapid 

malaria diagnostic systems through nanoparticle-based biosensors, plasmonic sensing platforms, microfluidic 

lab-on-chip devices, and portable nano-enabled imaging technologies [12]. These emerging diagnostic tools 

generate high-resolution microscopic data that require intelligent computational algorithms for accurate 

interpretation. Consequently, artificial intelligence and deep learning have become essential complementary 

technologies for improving the diagnostic performance of nanotechnology-based medical devices. 

 

1.1. Research Gap 

In the last decade, a large number of CNN-based research conducted for the discovery of automated 

malaria detection is also directed, the majority of these studies have focused only on binary classification of 

infected and uninfected cells, and the examination of multiple analytic time patterns that were revealed to be 

far deeper than analytic methods that could be construed. 

CNN models perform very well in situations where global additions and ink tissue are fully exposed to 

learning challenges. This leads to a reduction in accuracy, especially when the images are noisy or there are 

lighting differences. This factor is also limited in the number yet applied by the researchers. The development 

of explainable Artificial Intelligence (Explainable AI, XAI) approaches, by making the decision-making 

processes of artificial intelligence models more transparent and understandable, increases the trust of medical 

professionals in these systems and makes a significant contribution to the effective use of artificial intelligence 

in clinical applications. The objective of this study is to develop and evaluate an explainable artificial 

intelligence framework for automated malaria detection by comparing CNN- and Vision Transformer-based 

architectures on microscopic blood smear images. The article describes classic CNN architectures, advanced 

Transformer-based approaches, and techniques such as Grad-CAM to identify future development aspects for 

significant malaria diagnostics through artificial intelligence research. Although recent studies have 

demonstrated the effectiveness of CNN and Vision Transformer architectures for malaria detection, 

comparative evaluations incorporating explainable artificial intelligence remain limited. 

Furthermore, few studies have discussed how these AI models can complement emerging nanotechnology-

based diagnostic platforms, including nano-enabled biosensors and lab-on-chip systems. Therefore, this study 

evaluates multiple deep learning architectures while emphasizing their potential integration into future 

intelligent nanodiagnostic devices. 
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1.2. Background 

In recent years, significant improvements in Computer Vision (CV) and Deep Learning (DL) have changed 

the landscape by using microscopic blood descriptions to automatically diagnose malaria. Both open-source 

information databases (e.g., NIH Malaria thin smear dataset) and a large number of studies, both local to the 

given use, were able to pinpoint the CNN-based model Plasmodium hybrid with the Convolutional Neural 

Networks (CNN) and infected red blood cells. 

For example, the first research for classic CNN architectures and transfer learning methods achieved high 

accuracy in separating 95% more than infected and healthy cells by more than 95% with the ResNet50 model 

[13]. At the same time [14], accuracy was achieved with 97.57% detection using the EfficientNet k-fold cross-

validation method. Subsequently, CNN models combine learning methods, achieving more than 98% accuracy 

in the resulting high-performance datasets [15], [16], [17]. 

Despite these successes, CNN models are still restricted in a row. They often face differences in staining 

due to characteristics and image information; devices sensitive to data imbalance apply to these real clinical 

models. Performance decreases when models are applied to new datasets (domain/field shift), and researchers 

have proposed two main approaches to address this issue. 

1. Resources are limited, which health services around them use for light, quantity, and mobility to suit model 

preparation devices. 

2. Image pixels between global dependencies-based architectures application for Model Transformer. 

Medical visualization Vision Transformer (ViT) and its/derivatives Data-efficient Image Transformer 

(DeiT), Pyramid Vision Transformer (PVT), and Swin Transformer, pay close attention to the center. These 

models employ self-attention mechanisms to capture long-range dependencies and global contextual 

information, enabling more effective image feature extraction than conventional convolutional neural 

networks. Extensive studies have shown that Vision Transformer models achieve strong results on tasks such 

as classification, segmentation, and cell identification in medical imaging [18], [19]. Recent studies have 

further demonstrated the effectiveness of Vision Transformer architectures for 2D biomedical image 

classification, confirming their applicability to medical imaging tasks [20]. From this supplement, the attention 

mechanism more prominently combines parasite structures in the early stages of infection with CNN [7]. At 

the same time, multi-stage malaria detection was prepared for the hybrid CNN–ViT model, and 99% accuracy 

was achieved. This result is due to combining the performance of CNN and ViT, which is important to the 

extent that CNNs and ViT's ability to remove local properties with a global attention mechanism [21]. In 

addition to the other benefits of accuracy, intelligence (AI) is the main application of artificial medicine, 

explaining and clinical reliability. Despite the high diagnostic accuracy of deep learning models, their decision-

making process is often considered a "black box," limiting their acceptance in clinical practice. Healthcare 

professionals require not only accurate predictions but also interpretable explanations of how these predictions 

are generated. To address this challenge, Explainable Artificial Intelligence (XAI) techniques, particularly 

Gradient-weighted Class Activation Mapping (Grad-CAM), have been widely adopted to visualize the image 

regions that contribute most to a model's predictions. Improved variants, such as Grad-CAM++ and DropKey 

Grad-CAM, further enhance localization accuracy and visualization quality. Recent studies have demonstrated 

that integrating Grad-CAM with both Convolutional Neural Networks (CNNs) and Vision Transformer (ViT) 

architectures significantly improves model interpretability and diagnostic transparency, enabling clinicians to 

better understand, validate, and trust AI-assisted medical diagnoses [22], [23]. 

 

1.3. Role of Nanotechnology in Malaria Diagnosis 

Nanotechnology has emerged as a promising approach for improving malaria diagnosis by enabling rapid, 

sensitive, and portable diagnostic platforms [24]. Gold nanoparticles, magnetic nanoparticles, quantum dots, 

and nanostructured biosensors have been extensively investigated for detecting Plasmodium antigens, DNA, 

and hemozoin biomarkers. In addition, lab-on-chip and microfluidic systems integrated with nanoscale 

materials facilitate point-of-care diagnosis in resource-limited settings. Although these technologies 

significantly improve sample preparation and signal detection, automated interpretation of microscopic and 

biosensor-generated images remains challenging. Therefore, explainable deep learning models, such as Vision 

Transformers combined with Grad-CAM, provide valuable computational support for next-generation 

nanotechnology-enabled malaria diagnostic systems. 
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2. Materials and Methods 

2.1. Dataset 

In this study, a publicly available malaria dataset obtained from the literature [25] was used to classify 

different Plasmodium species. The dataset consists of microscopic images of peripheral blood smear samples 

acquired using a light microscope. The dataset consists of four different types of malaria parasites: P. 

falciparum, P. malariae, P. ovale, and P. vivax, and a total of 210 images. The images are 2598x1944 pixels 

and have a TIFF extension. Images in the dataset are shown in Figure 1. 

Figure 1. Sample images in the dataset. 

 

2.2. Convolutional Neural Network 

Transfer learning has been widely adopted in medical image analysis because it enables convolutional 

neural networks to achieve high classification accuracy even when only limited annotated datasets are available 

[26]. This strategy utilizes four distinct convolutional neural network architectures, ResNet50, EfficientNetB0, 

InceptionResNetV2, and Xception, to enhance the model's generalization capability and classification 

accuracy on limited medical datasets. By reusing learned feature representations, transfer learning enables 

models pre-trained on large-scale datasets like ImageNet to effectively adapt to domain-specific tasks, thereby 

reducing training time and the risk of overfitting. 

ResNet50 provides redundant shortcut connections to overcome gradient problems lost in deep networks, 

and ensures stable training of very deep architectures [27]. EfficientNetB0 uses a compound scaling method 

that evenly balances network depth, width, and resolution to achieve high performance with optimal computing 

efficiency [28]. InceptionResNetV2 now combines Inception modules with links, offering both multi-scale 

feature extraction and improved convergence stability [29]. Meanwhile, Xception extends the Inception 

concept using deep detachable folds that improve computational efficiency and can disentangle channels [30]. 

Recent studies have also demonstrated that modern convolutional architectures, such as ConvNeXt, achieve 

competitive performance while narrowing the gap between CNNs and Vision Transformers in image 

classification tasks [31]. 

 

2.3. Vision Transformer 

Natural language processing, created primarily from the Transformer architecture, inspired ViT, 

revolutionized computer vision. The evolution of Vision Transformer (ViT) from the use of layers; instead, 

the introduction breaks the description into small pieces (patches), each part converts to a vector, and these 

vectors make the global and local dependencies by means of transformer encoder modeling processing. 

 

2.4. Self-Attention Mechanism 

One of the fundamental differences between Vision Transformers (ViTs) and Convolutional Neural 

Networks (CNNs) is the use of the self-attention mechanism instead of convolutional filters for feature 

extraction. Self-attention enables ViTs to capture both local and long-range dependencies by modeling 

relationships among image patches across the entire image. Consequently, ViTs can effectively learn global 

contextual information, overcoming the limited receptive field of conventional CNNs. This capability has led 

to superior performance in many computer vision tasks, particularly when large training datasets are available. 

However, some studies have reported that CNNs may still outperform ViTs in capturing subtle local features 

when training data are limited or fine-grained image details are critical [32]. 
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Attention within the ViT architecture is calculated as in Equation 1: 

 

𝐴𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛(𝑄, 𝐾, 𝑉) = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 (
𝑄𝐾𝑇

√𝑑𝑘
) 𝑉         (1) 

 

In Equation 1, Q, K, and V are the Query, Key, and Value matrices. Here, K is the key vector size; the 

Softmax function sets a weight for each part of the image and shows how much this weight is compared to the 

other parts. 

Vision Transformers are particularly effective for medical image analysis because they capture both local 

image features and long-range spatial relationships through self-attention mechanisms. This capability enables 

accurate identification of subtle morphological changes associated with malaria-infected erythrocytes. The 

general diagram of the vision transformer model is given in Figure 2. 
 

Figure 2. The base vision transformer model [32]. 

 

2.5. Base Vision Transformer (BaseViT) 

ViT architecture is one of the standard applications for image representations intended to learn images 

from large-volume datasets. The encoder of the ViT-Base model consists of 12 Transformer layers, each 

containing 12 self-attention heads, with an embedding dimension of 768. Unlike convolutional neural networks 

(CNNs), ViT does not rely on convolutional operations for feature extraction; instead, it employs a 

Transformer-based architecture to capture both local and global dependencies among image regions. The 

overall structure of the ViT-Base architecture can be described as follows: the input image is first divided into 

a sequence of fixed-size patches. Each image patch is linearly projected into an embedding vector, and 

learnable positional embeddings are added to preserve spatial information. These patch embeddings are then 

fed into the Transformer encoder. Each encoder block consists of a multi-head self-attention (MSA) module 

and a multilayer perceptron (MLP) block, with layer normalization and residual connections applied to 

improve training stability and information flow [1], [32]. These components combine to model your image, 

both local and global connections to learn the presence of malaria, in their definition, infected cells, observing 

color and texture in terms of subtle differences. The observation made by the BaseViT model can distinguish 

these cells from healthy cells in a healthy, sensitive way. 

 

2.6. Data-Efficient Image Transformer (DeiT) 

The DeiT model, proposed by Touvron and others, is designed for presentation and limited to data vision 

transformer models taught for an innovative approach offered [33]. The main distinguishing feature of DeiT 
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is the introduction of a distillation token, which is a learnable token designed to facilitate knowledge transfer 

between a teacher model and a student model. This token is appended to the sequence of patch embeddings 

along with the class token and is used to transfer information from the teacher network to the student network 

during training. Unlike conventional Vision Transformers that require large-scale datasets, DeiT employs a 

knowledge distillation framework that enables the student model to effectively learn from a teacher model, 

reducing the dependency on extensive training data [34]. Through this approach, DeiT achieves competitive 

performance while requiring fewer computational resources and smaller datasets. In addition, DeiT 

incorporates advanced data augmentation strategies during training, which improve model generalization and 

enhance its ability to extract robust visual representations under different conditions. 

 

2.7. Pyramid Vision Transformer (PVT) 

PVT is a hierarchical transformer architecture for multi-dimensional properties to be driven (e.g., object 

detection and semantic segmentation) predictive tasks. This model has as many stages as the input description 

size, collecting a variety of rich and high-quality features collector pyramid type hierarchical feature map form. 

If this structure shows similarities to multi-level Convolutional Neural Networks (CNNs), convolution 

operations were built without it [35]. Instead, Transformer's focus attention mechanism and various 

explanations between resolutions place their dependencies on the model for use. The PVT model brings 

intensive forecasting tasks [36] for both efficient and powerful backbones in image segmentation, such as 

object detection and tight prediction. The overall diagram of the PVT model is given in Figure 3. 
 

Figure 3. The general diagram of the PVT model [36]. 

 

2.8. Swin Transformer 

The Swin Transformer model enables a vision transformer architecture to whom it offers, by making 

sliding windows (shifted windows), balancing efficiency with model complexity, the concept presentation 

[37]. In this architecture, self-care is not only small and includes other windows located on top of each other, 

this also reduces significantly, which is calculated to be a computational complexity. The number of 

neighbouring windows between the exchange of information increases. This mechanism involves neighboring 

window border markers on windows; they need to be mutually touched in order to create conditions and 

ultimately provide cross-window communication [38]. 

 

2.9. Gradient-Weight Class Activation Mapping (Grad-CAM) 

Deep learning models are mainly affected by problems, including a lack of transparency in the process. 

The Grad-CAM (Gradient-weighted Class Activation Mapping) method is a powerful tool for understanding 

how to model their decisions. This method emphasizes evolution and layers of attention with related gradients, 

mapping the model to speech, highlighting the most impact depicting their region. Grad-CAM can also be used 
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for model debugging and reliability evaluation (trust calibration) to be effective in the way of use. This can 

help researchers and doctors model the predictions behind what is logically better finished. The Grad-CAM 

heat map is a weighted combination of feature maps followed by a ReLU. Its mathematical formula is given 

in Equation 2 [39]. 

 

𝐿𝑖𝑗
𝐺𝑟𝑎𝑑−𝐶𝐴𝑀 = 𝑅𝑒𝐿𝑈 (∑ α𝑘𝐴𝑖𝑗

𝑘

𝑘

)          (2) 

 

Weight Calculation of coefficients (α𝑘) formula is like: 

 

α𝑘 =
1

𝑍
∑ ∑

∂𝑦𝑐

∂𝐴𝑖𝑗
𝑘

𝑗𝑖

    (3) 

 

3. Results and Discussion 

3.1. Performance Metrics 

Metrics derived from the confusion matrix were used to determine the performance of deep learning 

models in the detection of malaria-infected cells. These are Accuracy, Sensitivity/Remembering, Specificity, 

Precise indicator (Precision, and F1 score (F1-Score). These metrics include four possible predicted models to 

the essentially calculated result: True Positive (TP), True Negative (TN), False Positive (FP), and False 

Negative (FN) [40]. The formulas (balances 4-8) of the metrics derived from the Confusion matrix and their 

descriptions are given below. 

 

 

 

(4                   )Accuracy =
TP+TN

TP+TN+FP+FN
 

 

Here: 

TP (True Positive): Correct some positive samples made number (accurate, as open infected cells)  

Data TN (True Negative): The number of correctly classified specific negative samples (true), made of clear 

healthy cells) 

DBFP (False Positive): Negative examples with positive error, such as classified cases  

DB FN (False Negative): Positive examples with negative error, such as classified cases 

Sensitivity (Repeat): Model positive samples (infected cells) to make accurate capability measures precise: 

 

Sensitivity =
TP

TP+FN   
               (5) 

 
Specificity: Model negative samples (healthy cells) correctly certain to do ability measuring is an indicator: 

 

Specificity =
TN

TN+FP
         (6) 

 

Precision: correct predicted positive examples general positive predictions to the number which ratio shows: 

 

Precision =
TP

TP+FP
               (7) 

 

F1 score (F1-Score) Precision and Sensitivity (Recall) harmonic middle like certain is being and this two 

indicator between balance creates: 

 

F1 = 2 ×
Precision×Recall

Precision+Recall
      (8) 
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Five layers of Cross Verification method was used to perform experimental studies with neural networks. 

It is a model validation method in which the dataset is divided into five equal parts, one part used for testing 

and the remaining four for training, and this process is repeated five times to calculate the average performance. 

 

3.2. Experimental Test Results 

This study employs eight different deep learning models to detect malaria using peripheral blood images. 

The performance of four CNN (Convolutional Neural Network) models and four ViT (Vision Transformer) 

models was evaluated using 5-fold cross-validation. First, the dataset was analyzed using CNN models; the 

architectures employed included ResNet50, EfficientNet-B0, InceptionResNetV2, and Xception. To achieve 

optimal results, the training parameters were set as follows: 16 epochs, a mini-batch size of 16, and a learning 

rate of 1×10⁻⁴; these settings were chosen to maximize overall model performance. Experimental results 

indicate that Xception achieved the best performance among the CNN models, reaching an accuracy of 

98.10%. The performance results (confusion matrices) for the CNN models are presented in Table 1 and Figure 

4, while the training/validation processes and loss curves are illustrated in Figure 5. 
 

Table 1. Performance results of CNN models. 

CNN Models Accuracy Sensitivity Specificity Precision F1-Scor 

ResNet50 86.19 79.48 95.32 93.18 89.47 

EfficientNetb0 94.76 94.79 98.04 94.77 94.48 

InceptionResNetV2 96.19 95.22 98.39 97.26 96.07 

Xception 98.10 98.02 99.23 98.11 98.01 

 

Figure 4. Confusion matrix of CNN algorithms. 
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Figure 5. Training and validation accuracy and loss curves. 
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In the second phase of the experimental work, the dataset was tested using the ViT_base model, Swin 

Transformer, DeiT, and Pyramid Vision Transformer algorithms. The 5-layer cross-validation method was 

chosen as the training and test partitioning method for the working dataset. The epoch, mini-batch size, and 

learning rate for the four ViT models were set to 16, 16, and 1×10⁻⁴, respectively, to match those of the CNN 

models. The optimizer was set to the Adam algorithm, and the loss function was set to cross-entropy loss for 

hyperparameters. The experimental work resulted in the best performance values with the Swim transformer 

algorithm and achieved an accuracy rate of 98.10%. Performance results obtained with ViT algorithms are 

given in Table 2. Confusion matrices are given in Figure 6, and the training of algorithms and the loss graphs 

are given in Figure 7. 
 

Table 2. Performance results of ViT algorithms. 

ViT Models Accuracy Sensitivity Specificity Precision F1-Scor 

ViT base 96.72 97.31 99.09 97.56 97.42 

Swim 98.10 97.73 99.15 98.58 98.13 

Deit 96.19 94.89 98.30 97.00 95.86 

Pyramid Vit 95.71 93.98 98.18 96.42 94.85 

 

Figure 6. Confusion matrix of ViT algorithms. 
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Figure 7. Training and validation loss graph of ViT algorithms. 
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At the last stage, images were produced using the GRAD-CAM algorithm, an explainable artificial 

intelligence method that gives the best performance results with the Swin Transformer algorithm. Models can 

be interpreted with GRAD-CAM images, allowing clinicians to interpret images more easily. Random images 

generated by the GRAD-CAM algorithm are shown in Figure 8. When examining the images, red lesion areas 

represent the region that is particularly effective in the decision-making processes of the models. Here, it can 

be seen that the cells are red in color. 
 

Figure 8. GRAD-CAM images produced with the Swin Transformer. 

 

3.3. Implications for Nanotechnology 

Although this study focused on microscopic blood smear image analysis, the proposed explainable AI 

framework has considerable potential for integration with emerging nanotechnology-enabled diagnostic 

platforms. Modern malaria diagnostic technologies increasingly employ nanoparticle-based biosensors, 

microfluidic devices, and portable lab-on-chip systems that generate digital imaging data requiring automated 

interpretation. Vision Transformer architectures combined with explainable artificial intelligence can provide 

reliable decision support for these systems by improving classification accuracy while simultaneously 

increasing clinical interpretability. Therefore, integrating advanced AI algorithms with nanotechnology-based 

diagnostic platforms represents a promising direction for future malaria diagnostics. 

 

4. Conclusion 

Malaria remains a serious health problem, especially for communities living in developing countries, and 

is one of the most important parasitic infections that threaten public health globally. Diagnostic methods using 

microscopes, still considered the gold standard nowadays, have certain limitations due to the need for specialist 

staff, the time required, and the associated labor intensity. This study is aimed at improving the accuracy of 

malaria detection and automating the process. For this purpose, up-to-date deep learning techniques such as 

convolutional neural network architectures (ResNet50, EfficientNetB0, InceptionResNetV2, and Xception) 

and Vision Transformer-based approaches (ViT-Base, Swin Transformer, DeiT, and PVT) were used. This 

study employed 5-fold cross-validation to train and evaluate models using a dataset of microscopic blood 

images covering four different types of malaria. Among the convolutional neural network models, Xception 

achieved the best performance with an accuracy of 98.10%, while the Swin Transformer demonstrated equally 

excellent performance among the Transformer-based models. Furthermore, the study utilized Gradient-

weighted Class Activation Mapping (Grad-CAM) to elucidate the models' decision-making mechanisms, 

thereby enhancing their reliability for clinical application. This technique enabled researchers to visually 

demonstrate the specific image regions the models focused on when making diagnostic decisions. The research 

results reveal that using Transformer-based deep learning architectures in conjunction with explainable 

artificial intelligence methods significantly improves both classification success and model transparency. 

These developments enable automated malaria diagnostic systems to be used more reliably in clinical settings 

and integrated into real-life applications. 

At the same time, nanotechnology represents an innovative approach with significant potential for 

improving the diagnosis and treatment of malaria. Nanomaterial-based delivery systems can enhance the 

targeted transport of antimalarial drugs to infected cells, improve drug bioavailability, reduce systemic side 

effects, and increase therapeutic efficacy. In addition, nanotechnology-based platforms contribute to the 

development of early diagnostic tools and next-generation vaccine strategies. Although many of these 

technologies remain at the preclinical or clinical research stages, they hold promise for future applications in 
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malaria prevention and treatment. In particular, targeted drug delivery systems based on liposomes, polymeric 

nanoparticles, and lipid-based nanocarriers enable more efficient delivery of antimalarial agents to infected 

hepatocytes and erythrocytes. By improving drug accumulation at infection sites while minimizing toxicity to 

healthy tissues, these nanocarrier systems represent a promising strategy for enhancing malaria therapy. 

Future research should investigate the integration of explainable Vision Transformer architectures with 

nanotechnology-enabled diagnostic systems, including nano-biosensors, plasmonic sensing platforms, 

microfluidic lab-on-chip devices, and portable digital microscopy. Such multidisciplinary approaches have the 

potential to improve point-of-care malaria diagnosis by increasing diagnostic accuracy, interpretability, and 

clinical reliability while facilitating the deployment of intelligent nanodiagnostic technologies in resource-

limited settings. 
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Abstract 

This work investigates the influence of electron tunnelling on the kinetic and thermoelectric properties of nanostructured 

bulk materials based on Bi₀.₅Sb₁.₅Te₃. The study focuses on systems where electric transport occurs through a network of 

semiconducting grains separated by narrow dielectric barriers of nanometer-scale thickness. In this regime, the dominant 

conduction mechanism is tunnelling, and phonon heat transfer across the barriers can be neglected. Numerical evaluation 

of the electrical conductivity, thermal conductivity, Seebeck coefficient, and the effective thermoelectric figure of merit 

(ZT) demonstrates that tunnelling can significantly enhance the thermoelectric voltage and lead to ZT ≈ 1−2 at room 

temperature, even though the overall electrical conductivity remains relatively low. These results suggest that properly 

engineered tunnelling contacts can serve as an efficient mechanism for improving energy conversion in bulk 

thermoelectric composites. 

Keywords: thermoelectric materials, Bi₀.₅Sb₁.₅Te₃, electron tunnelling, nanostructured composites, Seebeck coefficient, 

thermal conductivity 

 

 

1. Introduction 

Thermoelectric materials based on Bi–Sb–Te compounds remain among the most efficient systems for 

room-temperature energy conversion [1], [2], [3]. In recent years, nanostructuring has emerged as a way to 

enhance thermoelectric performance by suppressing phonon transport, modifying carrier scattering, and 

altering the electronic density of states [1], [3], [4]. One promising route involves constructing bulk 

nanocomposites in which semiconductor grains are embedded within a dielectric matrix, forming a network of 

nanoscale tunnelling junctions [5], [6], [7]. Our system works like this: a network of semiconducting grains, 

each separated from its neighbours by very narrow dielectric barriers only nanometres thick [8], [9], [10]. 

The overall transport properties of such a system are governed by both the internal conductivity of the 

grains and the transmission probability of the tunnelling barriers [5], [6], [11]. For typical Bi–Sb–Te systems, 

the barrier height is close to 0.8 eV [2], [11]. 

When the characteristic dimensions of the tunnelling region are shorter than the electron mean free path, 

carriers pass through the barrier ballistically, eliminating ohmic losses typically associated with scattering [5], 

[11], [12]. This quantum-mechanical contribution significantly modifies the effective transport coefficients of 

the composite material and may enhance its energy conversion efficiency. 

 

2. Theoretical Model and Calculation Method 

The thermoelectric efficiency of nanostructured Bi₀.₅Sb₁.₅Te₃ composites was investigated assuming that 

nanometre-scale dielectric barriers separate semiconductor grains. In such systems, charge transport occurs 

through tunnelling contacts formed between adjacent grains [5], [6], [11]. 
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The transport mechanism through the tunnelling barrier is assumed to be ballistic, meaning that the barrier 

thickness is smaller than the electron free path. Under these conditions, electrons pass through the barrier 

without scattering, and the transmission probability strongly depends on the barrier thickness and height [5], 

[11]. 

The equation for the local electrical conductivity (1.1) is expressed as: 

 

 

(1.1) 

 

 

 

 

Here: 

σM (x) − local electrical conductivity; 

x − tunneling barrier thickness; 

δ − characteristic grain size; 

σb (x) − electrical conductivity of the tunneling barrier; 

σ − electrical conductivity of the semiconductor grain; 

αb (x) − barrier Seebeck coefficient; 

α − grain Seebeck coefficient; 

κb (x) − barrier thermal conductivity; 

κ - grain thermal conductivity. 

 

The equation for local thermal conductivity (1.2) is determined by: 

 

 

(1.2) 

 

 

 

The equation for the local Seebeck coefficient (1.3) is calculated as: 

 

 

 

(1.3) 

 

 

 

The effective electrical conductivity and thermal conductivity are determined numerically from the 

integral equations. 

The effective electrical conductivity equation (1.4) is expressed as: 

 

 

 

(1.4) 

 

 

 

D (x) − distribution function of barrier thicknesses. 

The effective thermal conductivity equation (1.5) is determined by: 
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(1.5) 

 

 

 

The effective Seebeck coefficient equation (1.6) is calculated as: 

 

 

 

 

(1.6) 

 

 

 

 

After determining the effective electrical conductivity 𝜎𝑒, thermal conductivity 𝜅𝑒, and Seebeck coefficient 

𝛼𝑒, the thermoelectric figure of merit was calculated using (1.7): 

 

 

(1.7) 

 

 

σe − effective electrical conductivity; 

αe − effective Seebeck coefficient; 

κe − effective thermal conductivity; 

T − absolute temperature. 

 

For numerical calculations, the tunnelling barrier height for Bi₀.₅Sb₁.₅Te₃ was assumed to be 0.8 eV. The 

calculations were performed at T = 300 K using Mathematica software. The experimentally determined 

transport parameters for bulk Bi₀.₅Sb₁.₅Te₃ used in the model were: 

 

σ = 7.0 × 104 Ω-1 m-1 

k = 1.02 W/(m·K) 

α = 200 µV/K 

 

The thermal conductivity of the tunnelling barrier was estimated using the Lorenz/Wiedemann–Franz 

relation (1.8) [13]. 

 

(1.8) 

 

L − Lorenz number; 

σb − barrier conductivity; 

T − temperature. 

 

The local electrical conductivity σₐ(x) (1.9) is given by: 

 

σₐ(x) = (x + δ) / [x/σ_b(x) + δ/σ + ((α_b(x) - α)²/ (δ·κ_b(x) + x·κ)) · δ·x·T]            (1.9) 

 

x − tunnelling barrier thickness; 

δ − characteristic grain size; 

σ_b(x) − conductivity of the barrier; 

σ − conductivity of the grain; 

α_b(x) − Seebeck coefficient of the barrier; 
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α − Seebeck coefficient of the grain; 

κ_b(x) − thermal conductivity of the barrier; 

κ − thermal conductivity of the grain. 

 

The local thermal conductivity κₐ(x) (1.10) is: 

 

κₐ(x) = (x + δ) / (x/κ_b(x) + δ/κ)          (1.10) 

 

The local Seebeck coefficient αₐ(x) (1.11) is: 

 

αₐ(x) = [(α_b(x)/κ_b(x)) x + (α/κ)·δ] / [x/κ_b(x) + δ/κ]             (1.11) 

 

To get the effective electrical and thermal conductivities of the whole composite, we solved these integral 

equations (1.12), (1.13): 

 

∫ [(σₑ – σₐ(x)) / (2σₑ + σₐ(x))] · D(x) dx = 0                      (1.12) 

 

∫ [(κₑ – κₐ(x)) / (2κₑ + κₐ(x))] · D(x) dx = 0          (1.13) 

 

D(x) − distribution of barrier thicknesses. 

The effective Seebeck coefficient (1.14), (1.15) came from: 

 

αₑ = ∫ [(αₐ(x)·σₐ(x)) / Δ₀(x)] · D(x) dx /  ∫ [σₐ(x) / Δ₀(x)] · D(x) dx            (1.14) 

 

with   Δ₀(x) = (2σₑ + σₐ(x)) · (2κₑ + κₐ(x))           (1.15) 

 

Once we had σₑ, κₑ, and αₑ, we calculated the figure of merit (1.16): 

 

ZT = (σₑ · αₑ² · T) / κₑ           (1.16) 

 

3. Results and Discussion 

Figure 1 shows the dependence of the effective electrical conductivity on the minimum thickness of the 

tunnelling barrier. 

Figure 1. Dependence of the effective electrical conductivity on the minimum tunnelling barrier thickness [6]. 

 

The conductivity decreases exponentially as the barrier thickness increases. This behaviour is 

characteristic of quantum tunnelling transport because the tunnelling probability rapidly decreases with 

increasing barrier width [5], [6], [11]. For ultrathin barriers, electrons can pass through the contact with 

relatively low resistance, whereas thicker barriers strongly suppress carrier transport. 
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Figure 2 presents the calculated dependence of thermal conductivity on the tunnelling barrier thickness. 

Similar to electrical conductivity, the thermal conductivity also decreases with increasing barrier thickness. 

However, the reduction in thermal conductivity is especially important for improving thermoelectric efficiency 

because phonon transport is suppressed more strongly than electronic transport in the tunnelling region [1], 

[3], [7]. 

The comparatively low thermal conductivity of the tunnelling barrier contributes to the enhancement of 

thermoelectric performance by reducing heat leakage through the composite structure. 

Figure 2. Calculated dependence of thermal conductivity on the minimum tunnelling barrier thickness [6]. 

 

Figure 3 illustrates the dependence of the effective Seebeck coefficient on the minimum tunnelling barrier 

thickness. The Seebeck coefficient increases as the barrier thickness decreases. This effect can be explained 

by the energy filtering of charge carriers inside the tunnelling barrier [3], [4]. Electrons with higher energy 

have a greater probability of transmission through the barrier, which increases the average carrier energy and 

therefore enhances the thermoelectric voltage. 

The energy filtering effect observed in the model is consistent with previously reported tunnelling and 

low-dimensional thermoelectric systems [3], [4], [12], [14], [15]. 

Figure 3. Dependence of the effective Seebeck coefficient on the minimum tunnelling barrier thickness [6]. 

 

Figure 4 shows the calculated dependence of the thermoelectric figure of merit ZT on the tunnelling barrier 

thickness. The results indicate that ZT increases significantly for ultrathin tunnelling barriers. According to the 

theoretical model, the effective thermoelectric efficiency may approach values close to ZT ≈ 1−2 under 

idealized tunnelling conditions at room temperature. 
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The enhancement of thermoelectric efficiency is primarily associated with the strong suppression of 

thermal conductivity, together with the simultaneous increase in the Seebeck coefficient. Although the 

electrical conductivity decreases with increasing barrier thickness, the reduction in heat transport dominates, 

leading to an overall increase in ZT. 

Figure 4. Calculated dependence of the thermoelectric figure of merit ZT on the minimum tunnelling barrier thickness [6]. 

 

The obtained results demonstrate that the thermoelectric properties of nanostructured Bi₀.₅Sb₁.₅Te₃ 

composites are highly sensitive to the geometric parameters of the tunnelling contacts, particularly the barrier 

thickness. Therefore, precise control of nanoscale barrier formation may provide an effective route for 

improving thermoelectric energy conversion efficiency. 

 

4. Conclusion 

This work demonstrates that tunnelling transport in nanostructured Bi₀.₅Sb₁.₅Te₃ composites can 

significantly modify their thermoelectric properties. The presence of nanometre-scale barriers leads to a 

substantial reduction of thermal conductivity while preserving or enhancing the Seebeck coefficient. As a 

result, the effective thermoelectric efficiency can reach values of ZT ≈ 1−2 at room temperature. The influence 

of barrier geometry, grain shape, and material distribution is secondary compared to the dominant role of 

barrier thickness and height. These results confirm that engineering tunnelling junctions is a promising 

approach for designing next-generation high-efficiency thermoelectric materials. The behaviour predicted by 

the model is qualitatively consistent with experimental reports on nanostructured Bi₂Te₃-based materials, in 

which enhancements in ZT have been observed due to grain-boundary scattering and energy filtering [1], [3], 

[4]. However, the current model uniquely demonstrates that quantum tunnelling alone, without the 

involvement of phonon engineering techniques, is sufficient to produce ZT ≈ 1−2, a significant theoretical 

insight. Furthermore, the results agree with the predictions of Dresselhaus (2007) regarding the benefits of 

nanoscale confinement but provide a different physical mechanism applicable to bulk composites [3]. 
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Abstract 

Nanomaterials exhibit distinctive mechanical and structural properties that arise from their nanoscale dimensions, high 

surface-to-volume ratios, and size-dependent interactions. These characteristics influence their elastic modulus, hardness, 

strength, plasticity, deformation behavior, and dynamic response, distinguishing nanomaterials from their bulk 

counterparts. This review summarizes the principal classes of nanomaterials and examines the experimental techniques 

commonly used to characterize their structural and mechanical properties, including atomic force microscopy, scanning 

and transmission electron microscopy, X-ray diffraction, and Fourier-transform infrared spectroscopy. Particular attention 

is given to size and shape effects, grain-boundary contributions, surface effects, and the mechanical behavior of 

nanowires, nanoplates, polymer nanocomposites, carbon-based nanomaterials, and metal nanoparticles. The review also 

discusses theoretical approaches used to describe nanoscale mechanical behavior, with emphasis on nonlocal elasticity, 

strain-gradient theories, couple-stress models, and stress-driven integral formulations. Wave propagation and vibration in 

nanobeams, nanotubes, and multilayer structures are considered in relation to their dynamic behavior and potential 

applications. Finally, current challenges and future research directions are outlined, emphasizing the development of 

reliable theoretical and computational frameworks for the design of advanced nano-enabled materials and devices. 

Keywords: nanomaterials, mechanical properties, structural dynamics, size effects, nonlocal elasticity, strain-gradient 

theory, wave propagation, nanostructures, nanomechanics, mechanical characterization 

 

 

1. Introduction 

Over the past two decades, nanomaterials have become one of the most rapidly developing fields of 

materials science. Materials with structural features on the nanometer scale (approximately 1–100 nm) exhibit 

physical, chemical, and mechanical properties that differ markedly from their bulk counterparts. This 

divergence arises primarily from quantum size effects, a sharply increased surface-to-volume ratio, and altered 

interatomic interactions. As a result, nanomaterials can exhibit distinctive mechanical, electrical, optical, 

thermal, and catalytic properties compared with their bulk counterparts, making them attractive for 

applications ranging from medicine and electronics to aerospace engineering and energy storage [1], [2]. 

The rapid advancement of nanotechnology is driven not only by the discovery of new materials but also 

by the atomically controlled structuring of existing ones. The resulting nanomaterials exhibit mechanical 

strength, flexibility, and dynamic response characteristics that cannot be achieved under ordinary bulk 

conditions, which makes them appealing for both fundamental research and industrial application [2], [3]. 

The field of nanomaterials has also created an important research domain for applied mathematics and 

structural mechanics. Classical continuum mechanics may not adequately capture certain size-dependent 

phenomena observed in nanostructures, particularly when surface, nonlocal, and microstructural effects 

become significant. This review systematically examines the principal classes of nanomaterials, their 

mechanical properties, the structural-mechanical approaches used to describe these properties, and their 

practical fields of application. 
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2. Classification of Nanomaterials 

Nanomaterials are commonly classified according to their chemical composition and morphology. Organic 

nanomaterials include micelles, dendrimers, polymersomes, and hydrogels, while inorganic nanomaterials 

consist of metal- and metal-oxide-based particles [1], [4]. Metal nanoparticles, for example, those based on 

gold, silver, copper, and zinc, display unusual optical, electrical, and catalytic properties owing to their 

quantum effects and high surface-to-volume ratio. 

Carbon-based nanomaterials form a distinct class encompassing fullerenes, carbon nanotubes, graphene, 

and nanodiamonds. Owing to their sp2-hybridized carbon structures, these materials exhibit high mechanical 

strength, electrical conductivity, and thermal conductivity [5]. Composite nanostructures arise from the 

combination of different classes of nanomaterials and frequently produce synergistic effects that exceed the 

properties of the individual components. Synthesis methods also significantly affect the ultimate properties of 

nanomaterials. Laser ablation, sputtering, chemical vapor deposition, the sol-gel method, and green synthesis 

based on plant extracts are among the most widely used approaches [1], [4]. Careful control of synthesis 

conditions, including temperature, reaction rate, and precursor concentration, determines particle size, shape, 

size distribution, and grain-boundary structure, which in turn influence mechanical behavior. 

 

3. Characterization Methods 

Accurate assessment of the structural and mechanical properties of nanomaterials relies on a range of 

modern characterization techniques. Atomic force microscopy (AFM) enables nanometer-precision mapping 

of the surface topography of nanostructures and is also used in resonant-contact mode to directly measure the 

elastic modulus. Scanning electron microscopy (SEM) and transmission electron microscopy (TEM) serve to 

visualize particle morphology, size distribution, and internal crystalline structure, while in-situ mechanical 

testing modes allow simultaneous recording of load-deformation curves [2], [3]. 

Ultraviolet-visible (UV–Vis) spectroscopy, Fourier-transform infrared (FTIR) spectroscopy, X-ray 

diffraction (XRD), and vibrating-sample magnetometry (VSM) are used to characterize the optical properties, 

functional groups, crystal structure, and magnetic properties of nanomaterials, respectively [1]. The 

combination of these methods allows researchers to characterize both the static structure and the dynamic 

mechanical response of a nanomaterial under external loading in a unified way, providing the experimental 

database necessary for validating theoretical models. 

 

4. Mechanical Properties: General Trends 

The mechanical properties of nanomaterials elastic modulus, hardness, strength, and plasticity undergo 

systematic changes as size decreases. The widely accepted 'smaller is stronger' trend indicates that strength 

increases as characteristic size decreases, whereas the size-dependence of elastic modulus is more complex 

and does not follow a single, unambiguous pattern [2], [6]. Some studies report an increase in elastic modulus 

with decreasing size, while others report a decrease, a divergence stemming from the interplay of surface 

tension, grain-boundary structure, and the geometric shape of the nanostructure. 

In nanocrystalline materials, a decrease in grain size typically leaves the elastic modulus close to the bulk 

value down to a grain size of roughly 5 nanometers; below this threshold, however, the modulus changes 

sharply because the volume fraction of grain boundaries begins to dominate the overall structure [2], [3]. This 

is among the key empirical findings demonstrating the limitations of classical continuum approaches in 

describing the mechanical behavior of nanomaterials. 

Experimental studies on nanowires and nanoplates further show that not only size but also the shape of a 

nanostructure significantly affects its elastic properties, a factor long neglected in the literature. In-situ electron 

microscopy tests on gold nanowires have confirmed that the combined effect of shape and size substantially 

alters the value of the Young's modulus. Similarly, in copper nanowires, an increased surface-to-volume ratio 

has been shown to link elastic properties directly to the proportion of surface atoms [6]. 

In polymer nanocomposites, elastic modulus and yield stress are modeled as functions of nanofiller 

content, temperature, loading rate, and porosity [7]. Such models typically relate porosity to elastic modulus 

through power-law approaches and allow the reliability of polymer-nanocomposite membranes to be assessed 

for applications such as water purification and bone tissue engineering. 
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In carbon-based nanomaterials, particularly multiwalled carbon nanotubes and graphene flakes, 

mechanical properties also play an important role in interactions with biological media. Atomic force 

microscopy measurements show that cells exposed to these materials undergo changes in actin cytoskeleton 

structure, which in turn is reflected in a decrease in the measured Young's modulus of the cell. These findings 

indicate that the mechanical properties of nanomaterials are relevant not only to structural applications but also 

to biosafety assessment, since changes in cell mechanics can serve as an indicator of potential cytotoxicity. 

In metal nanoparticles, contact mechanics deviates from the classical Hertzian model, since atomic-scale 

surface steps and structural asymmetry during compression violate the assumptions of continuum models. 

Molecular dynamics simulations serve as a complementary tool in this area: studies of copper nanowires under 

tensile load, for example, have shown that elastic properties are directly related to the proportion of surface 

atoms among the total atoms. Similarly, orbital-free calculations based on density functional theory have 

shown that in large nanosystems, cohesive energy and bulk modulus gradually approach the known values for 

bulk material. 

 

5. Structural Mechanics and Wave Propagation Aspects 

The inability of classical elasticity theory to fully describe mechanical behavior in nanostructures has 

directed researchers toward nonlocal continuum models. Eringen's nonlocal elasticity theory is among the most 

widely used frameworks in this area; according to this theory, the stress at a given point depends not only on 

the strain at that point but on the strain field of the entire body [8], [9]. This approach has found broad 

application in modeling the bending, compression, vibration, and wave propagation behavior of nanoplates, 

nanotubes, and nanolayers. 

Alongside nonlocal elasticity theory, strain-gradient models have also been developed, incorporating 

higher-order gradient terms in addition to the classical strain field [8], [9]. Lim and colleagues combined 

Eringen's nonlocal law with strain-gradient elasticity to study wave propagation problems in unbounded media, 

obtaining higher-order differential constitutive equations. Such combined models make it possible to describe 

both softening and hardening effects simultaneously, a result that purely nonlocal or purely gradient models 

cannot achieve on their own. 

Wave propagation analysis is of particular importance in studying the mechanical properties of 

nanostructures, since it is computationally efficient and does not require large volumes of experimental data. 

In Timoshenko- and Rayleigh-type nanobeams, dispersion characteristics and the dependence of phase and 

group velocity on wavenumber have been studied while accounting for the nonlocal parameter, temperature 

effects, magnetic fields, and elastic foundations [10]. Stress-driven integral models have eliminated the ill-

posed boundary-value problems arising from the Eringen-Wieghardt approach, offering more consistent 

solution strategies. 

Nanotubes and multilayer nanostructures with eccentric (off-center) geometry are of particular importance 

for studying how initial stresses, geometric asymmetry, and material heterogeneity affect wave dispersion 

characteristics. Unlike classical concentric cylinder models, this class of problems requires additional 

mathematical complexity, asymmetric boundary conditions, and additional geometric parameters, making it 

an ongoing and active research direction in structural mechanics and applied mathematics. 

Wave propagation in magneto-electro-elastic (MEE) nanotubes and nanobeams has also been the subject 

of intensive study in recent years [11]. Because these materials exhibit coupled mechanical, electrical, and 

magnetic field effects, their dynamic models require combining nonlocal stress theory with modified couple-

stress theory. Such coupled models play a central role in the design of smart nano-devices, sensors, and 

actuators. 

Because the analytical solution of wave propagation problems becomes difficult under complex boundary 

conditions, researchers also turn to semi-analytical and numerical methods. The wave-based method is used to 

determine the wave characteristics of nanobeams with arbitrary boundary conditions: boundary conditions are 

incorporated into the construction of the system's total matrix, and the points where the determinant of this 

matrix vanishes are sought to determine natural frequencies. Similarly, numerical approaches such as the 

generalized differential quadrature (GDQ) method and the nonlocal operator method offer cost-effective 

alternatives for complex-geometry and heterogeneous nanostructures where analytical solutions are not 
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feasible, eliminating the need to compute shape functions and their derivatives and thereby improving both 

accuracy and computational speed. 

 

6. Applications 

The practical outcomes of research into the mechanical properties of nanomaterials are evident across a 

wide range of industrial and medical fields. In medicine, nanoparticles are used for drug delivery, tissue 

engineering, bioimaging, and biosensing; in these applications, the mechanical stiffness of particles directly 

determines their interaction with cell membranes and their rate of biodegradation. 

In structural engineering, polymer composites reinforced with graphene oxide and carbon nanotubes 

substantially increase elastic modulus and tensile strength; some studies have reported an increase in elastic 

modulus of up to 150% with the addition of a small amount of graphene oxide. This property is widely used 

in the development of lightweight yet high-strength construction materials. 

In electronics, nanowires and nanoplates have a broad application spectrum, ranging from flexible displays 

to high-frequency nano-resonators. Reliable operation of these devices requires precise mathematical modeling 

of their dynamic behavior, particularly wave dispersion and vibration characteristics, since classical 

engineering approaches do not provide sufficient accuracy at the nanoscale. 

In environmental applications, nanomaterials are used in processes such as pollutant adsorption from 

water, air purification, and soil remediation, where high surface area enhances adsorption efficiency. In the 

energy sector, nanostructured electrode materials are being investigated to increase the capacity of batteries 

and supercapacitors, making the mechanical stability of nanomaterials a critical factor for long-term operation. 

In agriculture and the food industry, nanomaterials are used to improve the barrier properties of packaging 

materials, create antimicrobial coatings, and extend the shelf life of food products. In these applications, the 

mechanical elasticity and crack resistance of nanolayers are key parameters ensuring product resistance to 

damage during transport. In catalytic processes, the high surface energy of metal and metal-oxide nanoparticles 

significantly increases reaction rates, making them valuable across fields ranging from the petrochemical 

industry to environmental remediation. 

In sensor technologies, the combination of mechanical flexibility and electrical conductivity in 

nanomaterials has enabled the development of wearable devices, biosensor chips, and structural health 

monitoring systems. In such sensors, the sensitivity of the nanostructure to small deformations, which depends 

directly on its elastic modulus and wave propagation characteristics, is a primary factor determining 

measurement accuracy, once again highlighting the connection between theoretical mechanics and applied 

engineering. 

 

7. Conclusion and Future Directions 

Owing to their unique size-dependent mechanical, electrical, and optical properties, nanomaterials have 

become one of the central research subjects of modern materials science. As shown in this review, the 

classification of nanomaterials, their synthesis methods, the size-dependence of their mechanical properties, 

and the mathematical modeling of these properties within the frameworks of nonlocal elasticity and strain-

gradient theories constitute closely interrelated research directions. 

One of the principal challenges for future research is unifying the various theoretical models, nonlocal, 

strain-gradient, and couple-stress, within a single, computationally efficient framework. Furthermore, the 

accurate description of wave dispersion and dynamic behavior in nanostructures with complex geometries, 

including eccentric and multilayer cylindrical structures, remains an ongoing and active research direction, 

both theoretically and experimentally. Progress in this area will lay the groundwork for more reliable and 

effective application of nanotechnologies in medicine, energy, electronics, and structural engineering. 
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Abstract 

Third-order exceptional points in cavity systems have so far been obtained by introducing optical or mechanical gain, 

which restricts them to platforms where gain can be engineered. We show that two semiconductor quantum dots in a lossy 

plasmonic nanocavity host such a point with loss alone, and we solve the coalescence problem for the 3 × 3 effective 

Hamiltonian in closed form. The conditions leave no free parameter: the cavity sits at the mean transition frequency of 

the dots, the direct dipole-dipole coupling vanishes, the loss contrast obeys κ − γ = 3√3g, and the two dots are detuned 

from each other by exactly one coupling constant, ω₁ − ω₂ = g. The tuning knob is the detuning between the emitters 

rather than a gain rate. We confirm that the effective Hamiltonian becomes a single Jordan block of size three and that 

the coalescence also appears in the spectrum of the full Liouvillian, where three eigenvalues agree to one part in 10⁵ of 

the linewidth, and the geometric multiplicity remains one, so quantum jumps do not remove it. The eigenvalue splitting 

follows (εg²)^(1/3) for a cavity perturbation ε, and measured against the linewidth it exceeds the second-order response 

of the same device by a factor of 4 to 12 over four decades. The steady-state cavity population, however, responds linearly 

in ε with a fitted exponent of 1.000 and an advantage over the second-order point of only 1.09. The reason is structural: 

the characteristic polynomial depends on ε linearly at fixed frequency, so the resolvent stays analytic even though the 

pole positions do not. The cube-root law therefore describes where the poles sit and not what a spectroscopic measurement 

returns. We also find that a residual dipole-dipole coupling of 10⁻³ g restores linear eigenvalue response, which sets a 

minimum interdot separation of 12 to 36 nm and conflicts with the tight confinement that produces large coupling in 

plasmonic gaps. 

Keywords: non-Hermitian physics, third-order exceptional point, Liouvillian spectrum, coupled quantum dots, plasmonic 

nanocavity, Lindblad master equation 
 

 

1. Introduction 

An exceptional point is a parameter value at which several eigenvalues of a non-Hermitian operator 

become equal, and their eigenvectors coalesce simultaneously [1]. The operator is then defective, and the 

spectral response to a perturbation ε loses its analyticity: for a coalescence of order n, the eigenvalues separate 

as ε^(1/n). Optical and photonic systems have been the main testing ground, and the general theory is reviewed 

by Miri and Alù [2] and by Özdemir and co-workers [3]. 

Third-order points attract attention because the exponent 1/3 promises a larger response than the square 

root of a second-order point. They were first reached in coupled microring resonators with balanced gain and 

loss [4], and third-order exceptional points have also been investigated in layered optical microdisk cavities 

[5]. Proposals for quantum platforms followed. Almost all of them share a requirement. The pseudo-Hermitian 

condition used by Xiong and co-workers for a three-mode optomechanical system needs one resonator with 

gain [6], [7], the superconducting-circuit realisation of an exceptional surface uses balanced gain and loss [8], 

https://doi.org/10.54414/WSLM7544
mailto:nermin.ezizli.2024@wcu.edu.az
https://orcid.org/0009-0009-0437-2083
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and the ion-cavity scheme of Kim and co-workers relies on an engineered pumping configuration [9]. Gain is 

not available in every platform, and in plasmonic nanostructures it is particularly awkward. 

This paper starts from a system in which there is no gain at all. Two semiconductor quantum dots sit in a 

single-mode plasmonic nanocavity, each coupled to the cavity with strength g, with a possible direct dipole-

dipole term J between them. Room-temperature strong coupling between single emitters and plasmonic gap 

modes is established experimentally [10], [11], with couplings of tens of meV against cavity linewidths of a 

hundred meV or more, and the broader physics of strong coupling between surface plasmon polaritons and 

quantum emitters has been reviewed extensively [12]. In the single-excitation sector, this is a three-level non-

Hermitian problem, the smallest that can support a third-order coalescence, and every diagonal imaginary part 

is a loss. 

We answer two questions. The first is whether the coalescence exists at all in such a system and under 

what conditions, and the answer is a single isolated point with a closed form in which the detuning between 

the two dots plays the role that a gain rate plays elsewhere. The second question is what the coalescence is 

worth. Here our result is negative, and we consider it the more useful of the two. The cube-root law governs 

the positions of the poles, but the steady-state optical response of the device is linear in ε, with essentially no 

advantage over a second-order point. This is a concrete instance of the general warning raised by Langbein 

[13] and by Lau and Clerk [14], worked out for a specific system rather than in the abstract. 

 

2. Model 

2.1. Hamiltonian and Master Equation 

Two quantum dots with transition frequencies ω₁ and ω₂ couple to a cavity mode of frequency ω_c. In the 

rotating wave approximation, and with ħ = 1, the Hamiltonian in a frame rotating at the drive frequency ω_L 

reads 

 

𝐻 =  𝛥𝑐𝑎
†𝑎 + 𝛥1𝜎1

+𝜎1
−  +  𝛥2𝜎2

+𝜎2
−  +  𝑔(𝑎†𝜎1

−  +  𝑎𝜎1
+)  +  𝑔(𝑎†𝜎2

−  +  𝑎𝜎2
+)  +  𝐽(𝜎1

+𝜎2
−  + 𝜎2

+𝜎1
−)  +

 𝐸(𝑎 + 𝑎†)                    (1) 

 

where Δc = ωc − ωL and Δi = ωi − ωL are the detunings, a is the cavity annihilation operator, σi
± are the raising 

and lowering operators of dot i, J is the direct dipole-dipole coupling, and E is the amplitude of a weak coherent 

drive. Dissipation is treated with the Markovian master equation [15] 

 
𝑑𝜌

𝑑𝑡
 =  −𝑖[𝐻, 𝜌]  +  𝜅𝒟[𝑎]𝜌 +  𝛾𝒟[𝜎1

−]𝜌 +  𝛾𝒟[𝜎2
−]𝜌                    (2) 

 

with the dissipator 

 

𝒟[𝐴]𝜌 =  𝐴𝜌𝐴†  −  
1

2
{𝐴†𝐴, 𝜌}                    (3) 

 

Here κ is the cavity photon loss, dominated by ohmic absorption in the metal, and γ is the spontaneous 

emission rate of each dot into modes other than the cavity. Both rates are positive. No gain enters anywhere. 

 

2.2. Effective Non-Hermitian Hamiltonian 

Set E = 0 and restrict the dynamics to the single-excitation subspace spanned by |1, g, g⟩, |0, e, g⟩ and |0, 

g, e⟩. Between quantum jumps, the state evolves under 

 

𝐻𝑒𝑓𝑓  =  

[
 
 
 
 𝜔𝑐  −  𝑖

𝜅

2
𝑔 𝑔

𝑔 𝜔1  −  𝑖
𝛾

2
𝐽

𝑔 𝐽 𝜔2  −  𝑖
𝛾

2]
 
 
 
 

                    (4) 

 

Introducing 
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𝜔1,2  =  𝜔0  ±  𝛿,      𝐴 =  𝛥𝑐  −  𝑖𝑞,      𝑞 =  
𝜅 − 𝛾

2
,      𝛥𝑐  =  𝜔𝑐  −  𝜔0                    (5) 

 

and subtracting ω₀ − iγ/2 from the diagonal, the shifted matrix becomes 

 

𝐻′ =  [

𝐴 𝑔 𝑔
𝑔 𝛿 𝐽
𝑔 𝐽 −𝛿

]                    (6) 

 

The whole of the non-Hermiticity now sits in the single complex number A while every other entry is real, 

which is what makes the problem solvable by hand. 

 

3. Exact Conditions for the Coalescence 

The characteristic polynomial of H′ is λ³ + c₂λ² + c₁λ + c₀ with 

 

𝑐2  =  −𝐴,      𝑐1  =  −(2𝑔2  +  𝛿2  +  𝐽2),      𝑐0  =  𝐴(𝛿2  + 𝐽2)  −  2𝑔2𝐽                    (7) 

 

A triple root requires the polynomial to equal (λ − λ₀)³ with λ₀ = −c₂/3 = A/3, which gives the two complex 

conditions c₁ = c₂²/3 and c₀ = c₂³/27. The first reads 

 

𝐴2  =  −3𝑆,      𝑆 =  2𝑔2  +  𝛿2  +  𝐽2                    (8) 

 

S is real and positive, so A must be purely imaginary. The cavity therefore has to be tuned to the mean 

transition frequency of the dots, Δ_c = 0, and writing A = − iq, the condition becomes q² = 3S. Substituting 

into the second condition and separating real from imaginary parts gives 

 

2𝑔2𝐽 =  0,          𝛿2  +  𝐽2  =  
𝑞2

27
                    (9) 

 

The first of these forces J = 0, which is the least expected feature of the result. The coalescence survives 

only when the two dots have no direct coupling to each other, and any residual dipole-dipole interaction 

removes it. With J = 0 the remaining relations close and give q² = 27g²/4 and δ² = g²/4, so the third-order point 

occurs at 

 

𝛥𝑐  =  0,      𝐽 =  0,      𝜅 −  𝛾 =  3√3 𝑔,      𝜔1  −  𝜔2  =  2𝛿 =  𝑔                    (10) 

 

with the threefold eigenvalue 

 

𝜆0  =  𝜔0  −  𝑖 (
𝛾

2
 +  

√3 𝑔

2
)                    (11) 

 

Every parameter is fixed once g is chosen, and the only remaining freedom is the overall energy scale. 

Two features are worth stating plainly. The loss contrast has to be about 5.2 times the coupling strength, which 

is a regime plasmonic cavities reach naturally. The two dots have to be detuned by exactly one coupling 

constant, so the emitters are neither degenerate nor far apart, and this detuning is the parameter that replaces 

the gain rate of earlier proposals [6], [7], [8], [9]. 

We verified equation (10) numerically for g = 30 meV. The three eigenvalues agree with λ₀ to 3 × 10⁻⁴ 

meV, which is the accuracy any eigenvalue routine can reach near a defective matrix since the error scales as 

the cube root of the machine epsilon. The matrix H′ − λ₀I has rank two, so only one eigenvector survives, and 

(H′ − λ₀I)³ vanishes to 1.9 × 10⁻¹¹ in the Frobenius norm. The Jordan form is a single block of size three. Figure 

1 sweeps the dot-dot detuning at fixed loss contrast, and the real and imaginary parts of all three branches meet 

at δ = g/2. 
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Figure 1. Real and imaginary parts of the three eigenvalues of H′ against the dot-dot detuning δ, at Δ_c = 0, J = 0, and κ − γ = 3√3g. 

The three branches meet at δ = g/2. 

 

Figure 2 maps the discriminant of the characteristic polynomial over the plane of δ and loss contrast. The 

dark curves are second-order exceptional lines, and they meet in a cusp at the point of equation (10). 
 

 
Figure 2. Logarithm of the discriminant of the characteristic polynomial in the (δ, κ − γ) plane for J = 0 and Δ_c = 0. The two 

second-order lines meet at the third-order point marked in cyan. 

 

4. The Coalescence in the Full Liouvillian 

The effective Hamiltonian of equation (4) drops the recycling term of the master equation, so a coalescence 

found there need not survive in the full dynamics. Exceptional points of a Liouvillian and of the corresponding 

non-Hermitian Hamiltonian are known to differ in general. We therefore diagonalised the Liouvillian of 

equation (2) directly, on a Hilbert space of dimension 3 × 2 × 2 with the cavity truncated at three photons. 

The single-excitation coherences of the density matrix appear in the Liouvillian spectrum at μ = − iλ, where 

λ are the eigenvalues of H_eff. At the parameters of equation (10), the three Liouvillian eigenvalues closest to 

that prediction lie within 5.6 × 10⁻⁴ meV of each other, which is 1.1 × 10⁻⁵ of the coalescence linewidth. The 

matrix ℒ − μI has only one vanishing singular value at that eigenvalue, so its geometric multiplicity is one, 

and the Liouvillian is defective there as well. Quantum jumps shift the coalescence by an amount far below 

any linewidth and do not destroy it. This is the first of the two checks that a reader would reasonably demand. 
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5. Eigenvalue Response and its Resolvability 

An analyte binding to the metal surface changes the local permittivity by δε_r and shifts the cavity 

frequency by 

 

𝜀 =  
𝜔𝑐 𝛿𝜀𝑟

2𝑛0
2                     (12) 

 

which perturbs the (1,1) element of H′ alone. Expanding the characteristic polynomial about the coalescence 

with the cofactor of that element gives 

 

(𝜆 − 𝜆0)
3  =  𝜀(𝜆0

2  −  𝛿2)  =  −𝜀𝑔2                    (13) 

 

since λ₀ = −i√3g/2 and δ = g/2 in the shifted frame. The roots therefore separate as 

 

|𝜆 − 𝜆0|  =  (𝜀𝑔2)
1

3,       |𝛥𝜆𝑚𝑎𝑥|  =  √3(𝜀𝑔2)
1

3                    (14) 

 

with the three branches spaced by 120 degrees in the complex plane. Figure 3 compares this with the second-

order point of the same device, reached by making the dots degenerate so that the dark state decouples and the 

cavity couples to the bright state with √2g [16]. That configuration has its exceptional point at κ − γ = 4√2g 

and responds as the square root of ε. Table 1 lists the numbers. 
 

 
Figure 3. Eigenvalue splitting against the cavity perturbation ε on logarithmic axes. The slopes are 1/3, 1/2, and 1. The dashed line is 

equation (14). 

 

Table 1. Eigenvalue splitting for the three cases of Figure 3. 

ε / g EP3, |δλ| / g EP2, |δλ| / g Conventional, |δω| / g EP3 / EP2 

10⁻² 2.409 × 10⁻¹ 1.189 × 10⁻¹ 10⁻² 2.03 

10⁻³ 1.052 × 10⁻¹ 3.761 × 10⁻² 10⁻³ 2.80 

10⁻⁴ 4.751 × 10⁻² 1.189 × 10⁻² 10⁻⁴ 4.00 

10⁻⁵ 2.178 × 10⁻² 3.761 × 10⁻³ 10⁻⁵ 5.79 

10⁻⁶ 1.005 × 10⁻² 1.189 × 10⁻³ 10⁻⁶ 8.45 

 

A splitting is only meaningful next to a linewidth, and the three cases have very different linewidths. At 

the third-order point the coalesced triple has a full width of √3g, at the second-order point the width is 2√2g, 

and a conventional measurement on the same platform works against the bare cavity width κ. Normalising 

each splitting by its own width gives 
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 𝑅3  =  (
𝜀

𝑔
)

1

3
,          𝑅2  =  0.841 (

𝜀

𝑔
)

1

2
                    (15) 

 

So the advantage of the third-order point survives the normalisation and in fact grows, because its linewidth 

is the narrowest of the three. Table 2 and Figure 4 give the numbers. Against the second-order point of the 

same device, the gain runs from 2.8 at ε = 10⁻² g to 12 at ε = 10⁻⁶ g. Against a conventional shift measurement 

in the same cavity, it is five orders of magnitude. The splitting reaches ten percent of the linewidth at ε = 0.026 

meV for g = 30 meV, which is a spectroscopically plausible target. 
 

Table 2. Splitting normalised by the corresponding linewidth. 

ε / g EP3, split / FWHM EP2, split / FWHM Conventional, shift / 

FWHM 

EP3 / EP2 

10⁻² 2.390 × 10⁻¹ 8.409 × 10⁻² 1.924 × 10⁻³ 2.84 

10⁻³ 1.050 × 10⁻¹ 2.659 × 10⁻² 1.924 × 10⁻⁴ 3.95 

10⁻⁴ 4.750 × 10⁻² 8.409 × 10⁻³ 1.924 × 10⁻⁵ 5.65 

10⁻⁵ 2.178 × 10⁻² 2.659 × 10⁻³ 1.924 × 10⁻⁶ 8.19 

10⁻⁶ 1.005 × 10⁻² 8.409 × 10⁻⁴ 1.924 × 10⁻⁷ 11.95 

 

Figure 4. Splitting divided by the full width at half maximum of the relevant resonance, for the third-order point, the second-order 

point, and a conventional shift measurement in the same cavity. 

 

6. Response of a Measurable Quantity 

Everything in section 5 concerns eigenvalues, which are not what a spectrometer records. To find the 

response of an observable, we solved the master equation for the steady state under a weak coherent drive, 

ℒρ_ss = 0, by direct linear inversion with the trace condition substituted for one row. The mean cavity 

population changes by less than 2 × 10⁻⁵ in relative terms between Fock cutoffs of three and five, so the 

truncation is converged at the drive amplitude used, E = 0.02 g. 

Figure 5 shows the steady-state cavity population against drive detuning for three values of the cavity loss. 

Below the exceptional value, the spectrum has three resolved polariton peaks. At κ = κ_EP they merge into a 

single line, and above it the response is one broad peak. 
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Figure 5. Normalised steady-state cavity population against laser detuning for three cavity loss rates. 

 

We then applied the perturbation ε and measured how much the spectrum changes, taking the largest 

absolute change in the population normalised by its peak value. The result is Figure 6 and Table 3. Over more 

than two decades, the response follows a power law with a fitted exponent of 1.000, both at the third-order 

point and at the second-order point, and the ratio between the two is 1.09 and independent of ε. The cube-root 

behaviour is absent from the observable. 
 

 
Figure 6. Relative change of the steady-state cavity population under a perturbation ε, at the third-order point and at the second-order 

point. Both are linear in ε. 

 

Table 3. Response of the steady-state cavity population. 

ε / g EP3, max|Δ⟨n⟩| / ⟨n⟩max EP2, max|Δ⟨n⟩| / ⟨n⟩max EP3 / EP2 

10⁻⁴ 2.498 × 10⁻⁵ 2.296 × 10⁻⁵ 1.09 

10⁻³ 2.498 × 10⁻⁴ 2.296 × 10⁻⁴ 1.09 

10⁻² 2.499 × 10⁻³ 2.296 × 10⁻³ 1.09 

 

The reason is structural rather than numerical, and it can be read off the characteristic polynomial. With 

the perturbation included, 
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𝑃(𝜔)  =  (𝜔 − 𝜆0)

3  −  𝜀(𝜔2  − 𝛿2),          
𝜕𝑃(𝜔)

𝜕𝜀
 =  −(𝜔2  −  𝛿2)                    (16) 

 

At a fixed observation frequency ω, the polynomial depends on ε linearly, and every steady-state response 

of the driven system is built from the resolvent, whose denominator is P(ω). The lineshape therefore changes 

at first order in ε. The cube root enters only when one asks where the roots of P have moved, and at a third-

order point those three roots sit inside a single linewidth with residues that very nearly cancel, so no 

spectroscopic measurement separates them. Individual eigenvalues are not observables of the driven steady 

state. 

This does not contradict section 5. It says that the normalised splitting of Figure 4 is the right figure of 

merit only for an experiment that can resolve the poles individually, for instance a time-domain measurement 

of the ringdown or a scheme that isolates one eigenvector. For the ordinary transmission or scattering 

measurement that an exceptional-point sensor is usually imagined to perform, the enhancement is not there. 

Langbein [13] and Lau and Clerk [14] reached the same conclusion for second-order points from noise 

arguments, and Wiersig [17] reviews the cases where an enhancement does survive. What the present 

calculation adds is that the obstruction appears already at the level of the deterministic response, before any 

noise is introduced. 

 

7. Sensitivity to a Residual Dipole-Dipole 

Because equation (9) forces J to vanish exactly, the tolerance on J is a practical question. A finite J splits 

the triple root into a second-order point plus a separate eigenvalue, and the residual splitting grows as the cube 

root of J, so it already reaches five percent of g at J ≈ 1.1 × 10⁻³ g. At that value, the local response exponent 

measured at ε = 10⁻⁵ g has returned to 0.99. Figure 7 shows both curves. 
 

 
Figure 7. Left: residual eigenvalue splitting at the nominal exceptional point against the dipole-dipole coupling J. Right: local 

response exponent at ε = 10⁻⁵ g, with the ideal value 1/3 marked. 

 

For g = 30 meV, the tolerance is |J| ≲ 0.03 meV. Treating the interaction as a point dipole coupling, 

 

𝐽 =  
𝜇2

4𝜋𝜀0𝑟3           (17) 

 

this gives a minimum separation of about 12 nm for a transition dipole of 10 D, 20 nm for 20 D, and 26 nm 

for 30 D. The requirement pulls against the geometry that produces a large g, because plasmonic gap modes 

concentrate their field over a few nanometres. A device of this kind needs a cavity whose field stays strong 

across a few tens of nanometres, such as an extended nanoparticle-on-mirror gap or a bowtie antenna with a 

wider feed, and it pays for the separation with a smaller coupling. This tension sets the design window more 

tightly than any of the spectral conditions. 

 

8. Parameter Estimate 

Take ω₀ = 1.5 eV and g = 30 meV, within the range reported for single emitters in plasmonic gap modes 

at room temperature [10], [11]. Equation (10) then requires κ = 155.9 meV, a quality factor of about 9.6, which 
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is ordinary for a gold nanoparticle-on-mirror cavity. The dot-dot detuning must be 30 meV, comfortably inside 

the inhomogeneous distribution of self-assembled dots and reachable with a quantum-confined Stark shift on 

one dot. With γ = 5 μeV, the condition is effectively κ = 3√3g. The linewidth at the coalescence is √3g/2 ≈ 26 

meV from equation (11). None of these numbers is unusual, and the demanding parts are the separation 

constraint of section 7 and holding the detuning at g. 

 

9. Conclusion 

A two-dot plasmonic cavity supports a third-order exceptional point without any gain, and the conditions 

for it are simple enough to write down exactly: the cavity on resonance with the mean dot frequency, no direct 

dipole-dipole coupling, κ − γ = 3√3g, and a dot-dot detuning of exactly g. The detuning between the emitters 

takes the role that a gain rate plays in the optomechanical and circuit realisations reported so far. The 

coalescence is not an artefact of the effective non-Hermitian description, since the full Liouvillian is defective 

at the same parameters to within one part in 10⁵ of the linewidth. 

The eigenvalue splitting follows the expected cube-root law, and normalised against the linewidth it beats 

the second-order point of the same device by a factor of 4 to 12. The steady-state optical response does not 

follow it. That response is linear in the perturbation with an advantage of 1.09 over the second-order point, 

because the characteristic polynomial enters the resolvent linearly in ε at fixed frequency while the cube root 

lives only in the pole positions, which are unresolvable inside one linewidth. Any proposal that treats the 

ε^(1/3) eigenvalue law as a sensing figure of merit for a driven cavity measurement should be read with this 

in mind. 

Two directions follow. A time-domain measurement is not bound by the argument of section 6 and might 

recover the cube root, which would be worth calculating. The tolerance on the dipole-dipole coupling, one part 

in a thousand of g, is the practical obstacle, and a cavity geometry that keeps a large coupling across a few tens 

of nanometres would be the first thing such an experiment needs. 

 

Appendix. Numerical methods 

All calculations use numpy and scipy. Eigenvalues of the 3 × 3 effective Hamiltonian come from 

numpy.linalg.eigvals. Near a defective matrix, the accuracy of any eigenvalue routine scales as the cube root 

of the machine epsilon, which explains the 10⁻⁴ meV residual quoted in section 3, so the Jordan structure is 

confirmed instead through the rank of H′ − λ₀I and the norm of its cube. The Liouvillian is assembled by 

column-stacking vectorisation, 

 

ℒ =  −𝑖(𝐻 ⊗  𝟙 −  𝟙 ⊗ 𝐻𝑇)  + 𝛴𝑘 [𝐶𝑘  ⊗ 𝐶𝑘
∗  −  

1

2
𝐶𝑘

†𝐶𝑘  ⊗  𝟙 − 
1

2
𝟙 ⊗ (𝐶𝑘

†𝐶𝑘)
𝑇
]                    (18) 

 

where the collapse operators are √κ a, √γ σ₁⁻ and √γ σ₂⁻. The steady state follows from replacing the first row 

of ℒ with the vectorised identity and solving against a unit vector. Liouvillian eigenvalues come from dense 

diagonalisation of the 144 × 144 matrix and its defectiveness from the singular values of ℒ − μI. The scripts 

are supplied as supplementary material and reproduce every figure and number in the text. 
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Abstract 

The article investigates the effect of rare earth elements on the electrophysical properties of Hall sensors based on indium 

antimonide (InSb). The InSb semiconductor is widely used in modern sensor technologies due to its high electron 

mobility, small forbidden energy band gap, and high magnetic sensitivity. These properties make InSb one of the 

promising materials for the production of high-precision Hall sensors. During the study, the electrical conductivity, Hall 

coefficient, carrier concentration, and mobility of InSb crystals doped with rare earth elements such as samarium (Sm) 

and dysprosium (Dy) were studied over a wide temperature range. It was found that rare earth elements reduce the number 

of structural defects in the crystal lattice, optimize additional scattering centers, and increase the relaxation time of 

electrons. As a result, the mobility of electrons increases, the conductivity improves, and the sensitivity of Hall sensors 

increases. The experimental results were compared with theoretical models and found to be in high agreement. The studies 

have shown that the addition of samarium in an amount of about 0.1 atomic percent significantly improves the main 

technical parameters of the Hall sensor. This indicates that InSb-based rare-earth-doped semiconductors are promising 

materials for automotive electronics, aerospace engineering, medical devices, and industrial automation. 

Keywords: InSb, Hall effect, Hall sensor, rare earth elements, samarium, dysprosium, electron mobility, electrophysical 

properties 

 

 

1. Introduction 

The development of modern electronics requires the preparation of semiconductor materials with new 

functional capabilities and an in-depth study of their physical properties. The main part of the sensors used in 

microelectronics, automation, aerospace engineering, medical diagnostics, and industrial control systems is 

made up of highly sensitive semiconductor elements. In this regard, semiconductor compounds belonging to 

the A³B⁵ group are of particular interest [1]. 

Among these materials, indium antimonide (InSb) stands out due to its unique physical properties. InSb is 

one of the semiconductors with the highest electron mobility at room temperature [2]. The high electron 

mobility increases the sensitivity to the influence of a magnetic field, and this property is an important 

advantage for the development of sensors based on the Hall effect. 

Another important advantage of InSb crystals is their narrow energy band gap. This property allows for 

high electrical conductivity with low power consumption. At the same time, it is possible to register even small 

magnetic fields [3] accurately. Therefore, Hall sensors made on the basis of InSb are widely used in measuring 

the rotational speed of cars, controlling electric motors, robotics, medical equipment, and aerospace systems. 

In recent times, the application of various dopant elements has become widespread in order to improve the 

functional properties of semiconductors. In particular, rare earth elements have a significant effect on the 

electrical, magnetic, and optical properties of the material by changing the structure of the crystal lattice. 

Among these elements, samarium, dysprosium, erbium, gadolinium, and neodymium are of particular interest. 

https://doi.org/10.54414/LEGX7838
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The difference in atomic radii and electronic structure of rare earth elements causes them to create new 

local energy levels in the crystal. As a result, the scattering mechanisms of charge carriers change, the 

relaxation time of electrons increases, and the mobility increases. This is of great scientific and practical 

importance in terms of increasing the sensitivity of Hall sensors [4]. 

The main objective of the present study is to study the electrophysical properties of InSb crystals doped 

with samarium and dysprosium, to determine the temperature dependence of the Hall coefficient, and to 

compare the obtained results with theoretical models. 

InSb is a narrow-bandgap semiconductor belonging to the A³B⁵ type compound group. It has a zinc blende-

type cubic crystal structure and is widely used in electronic engineering due to its high crystallinity. 

The main advantage of InSb is the very high electron mobility. The electron mobility at room temperature 

is about 7.5×10⁴–8.0×10⁴ cm²/(V·s). High mobility leads to an increase in the Hall voltage in the magnetic 

field and an increase in the sensitivity of the sensor [5]. The band gap of InSb is about 0.17 eV. This small 

energy difference ensures the formation of charge carriers even at low temperatures. At the same time, a high 

sensitivity to infrared radiation is formed, which allows the InSb material to be widely used in infrared 

detectors. The effective mass of electrons in InSb crystals is very small (about 0.014 m₀) [6]. The small 

effective mass facilitates the acceleration of charge carriers and leads to an increase in electrical conductivity. 

Electrical conductivity is defined by the following expression: 

 

𝜎 = 𝑞(𝑛𝜇𝑛 + 𝑝𝜇𝑝) 

 

where: 

σ – electrical conductivity; 

q – electron charge; 

n and p – electron and hole concentrations; 

μₙ and μₚ – electron and hole mobilities. 

 

The high magnetoresistive effect of InSb is also one of its important advantages. In a strong magnetic field, 

the trajectory of electrons is bent and the Hall voltage increases. Therefore, Hall sensors made on the basis of 

InSb allow for the measurement of even small magnetic fields with high accuracy. 

One of the most effective methods for improving the physical properties of semiconductor materials is 

their modification with various additive elements. In particular, rare earth elements (Rare Earth Elements – 

REE) have been widely studied in recent years in terms of controlling the electrophysical and magnetic 

properties of narrow-bandgap semiconductors. Elements such as samarium (Sm), dysprosium (Dy), 

gadolinium (Gd), erbium (Er), and neodymium (Nd) create local energy levels in the crystal lattice due to their 

incompletely filled 4f-electron levels, which have a significant effect on the behavior of charge carriers. 

Adding small amounts (0.01–0.5 at.%) of rare earth elements to the InSb crystal optimizes its electrophysical 

parameters without causing significant changes in the structure of the crystal lattice. 

The Hall effect was discovered in 1879 by the American physicist Edwin Hall and later became one of the 

fundamental phenomena in semiconductor physics. The Hall effect is characterized by the generation of an 

electric potential difference on the side surfaces of a sample when an electric current passes through a 

conductor or semiconductor and a magnetic field is applied perpendicular to it. This potential difference is 

called the Hall voltage and is defined by the following expression: 

 

𝑈𝐻 =
𝑅𝐻𝐼𝐵

𝑑
 

 

where: 

U_H – Hall voltage; 

R_H – Hall coefficient; 

I – current flowing through the sample; 

B – magnetic induction; 

d – sample thickness. 
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The Hall coefficient is defined by the expression (for a material with one type of charge carrier). 

 

𝑅𝐻  
1

𝑞𝑛
 

 

Here q is the elementary charge, and n is the concentration of charge carriers. 

From this formula, it can be seen that the Hall coefficient is inversely proportional to the concentration of 

charge carriers. As the concentration of charge carriers decreases, the Hall coefficient increases and the 

sensitivity of the sensor increases [7]. 

The high electron mobility of the InSb semiconductor causes the Hall voltage to take larger values. 

Therefore, Hall sensors made on the basis of InSb allow for the measurement of weak magnetic fields with 

such high accuracy. 

 

2. Materials and Methods 

The samples studied in this work were prepared on the basis of high-purity InSb single crystals grown by 

the Bridgman method. Some of the crystals were synthesized with pure InSb, and the other part with samarium 

and dysprosium additives in various concentrations. The doping concentration was varied in the range of 0.01–

0.30 atomic percent, and the measurements were carried out in the temperature range of 77–450 K. The 

electrical conductivity was measured by the four-probe method, and the Hall coefficient was measured in a 

constant magnetic field according to the classical Hall scheme. 

The experimental results showed that when the amount of samarium additive is about 0.1 atomic percent, 

the temperature dependence of the Hall coefficient becomes more stable. The electron mobility increases 

significantly compared to the initial InSb crystals, and the electrical resistance decreases. 

Similar results were observed in samples doped with dysprosium. However, the large magnetic moment 

of Dy atoms led to an even higher sensitivity to changes in the magnetic field. This feature is especially 

important for the development of high-precision magnetic sensors. 

The obtained results showed that in the low temperature range (77–200 K) the scattering of electrons is 

mainly determined by ionized dopant atoms. As the temperature increases, the role of lattice phonons increases, 

and the electron-phonon interaction dominates. The addition of rare earth elements partially reduces the 

intensity of phonon scattering and increases the mean free path of electrons [8]. It was found that the mobility 

of electrons in samarium-doped InSb crystals increases several times compared to pure InSb in some 

temperature ranges. As a result, the Hall voltage increases, the sensitivity of the sensor increases, and the 

stability of the output signal improves. 

Comparison of experimental data with theoretical calculations showed that the used model describes the 

change in the Hall coefficient depending on the temperature and dopant concentration with a sufficiently high 

accuracy [9]. This agreement confirms the correctness of the chosen physical model and creates an important 

scientific basis for future applications of InSb–Sm, as well as InSb–Dy systems. 

 

3. Theoretical Explanation of the Results 

The band theory of semiconductors is used to explain the effect of rare earth elements in InSb-based 

semiconductors. Since InSb has a narrow band gap (Eg ≈ 0.17 eV), the concentration of charge carriers at room 

temperature is relatively high. When rare earth elements such as samarium (Sm) and dysprosium (Dy) are 

introduced into the crystal lattice, their incompletely filled 4f-electron levels create local energy states. These 

states affect the position of the Fermi level and cause a change in the concentration of charge carriers. 

According to the Fermi–Dirac distribution law, the distribution of electrons over energy levels is described 

by the expression 

 

𝑓(𝐸) =
1

1 + exp[(𝐸 − 𝐸𝐹)/𝑘𝑇]
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where E_F is the Fermi level, k is the Boltzmann constant, and T is the absolute temperature. 

The addition of rare earth elements shifts the Fermi level, which directly affects the concentration of 

electrons and holes. The movement of electrons within the crystal is mainly limited by two scattering 

mechanisms: ionized impurity atoms and lattice vibrations (phonons). At low temperatures, ionized impurity 

scattering dominates. As the temperature increases, the number of phonons increases, and the electron-phonon 

interaction becomes the main scattering mechanism. The introduction of rare earth elements into the crystal in 

small concentrations leads to compensation of structural defects. As a result, the relaxation time (τ) of the 

electrons increases. The electron mobility 

 

𝜇 =
𝑞𝜏

𝑚∗
 

 

is directly proportional to the relaxation time and inversely proportional to the effective mass. 

Here m* is the effective mass of the electron. An increase in the relaxation time increases the mobility of 

electrons, which leads to an improvement in the Hall coefficient and electrical conductivity. Electrical 

conductivity 

 

𝜎 = 𝑞(𝑛𝜇𝑛 + 𝑝𝜇𝑝) 

 

is determined by the expression. Since the mobility of electrons in InSb is much higher than the mobility of 

holes, the conductivity is mainly determined by electrons. As a result of the influence of samarium and 

dysprosium additions, the mean free path of electrons increases, which leads to an increase in conductivity and 

an improvement in the sensitivity of the Hall sensor [10], [11], [12], [13]. Thus, theoretical calculations confirm 

the experimental results and show that doping with rare earth elements is one of the main factors optimizing 

the electrophysical properties of InSb crystals. 

 

4. Discussion 

Experimental studies have shown that InSb crystals doped with samarium and dysprosium have higher 

electron mobility, lower resistivity, and greater Hall sensitivity than pure InSb samples. The results obtained 

are generally consistent with the results obtained by other researchers on A³B⁵-type semiconductors. Various 

authors have shown that rare earth elements provide compensation for defects in the crystal lattice, increase 

the relaxation time of electrons, and reduce the scattering of charge carriers. The results of this study also 

confirm these regularities. 

It has been established that when the doping concentration exceeds the optimal value, new defect centers 

are formed in the crystal and electron scattering increases. This leads to a decrease in the Hall coefficient and 

a deterioration in electron mobility. Therefore, optimizing the dopant concentration is considered an important 

technological issue in the preparation of high-quality Hall sensors. Samples doped with samarium at a level of 

about 0.1 atomic percent showed the best results. At this concentration, electron mobility increases, Hall 

voltage increases, and temperature stability improves. The addition of dysprosium, since it has a high magnetic 

moment, makes an additional contribution to increasing magnetic sensitivity. 

The application areas of Hall sensors in the modern electronics industry are rapidly expanding. They are 

widely used in electric vehicles, robotics, industrial automation, medical diagnostic equipment, aerospace 

systems, and high-precision position sensors. In this regard, InSb crystals modified with rare earth elements 

can be considered a promising material for next-generation sensor technologies. In addition, in future studies, 

it would be appropriate to systematically investigate the effect of not only Sm and Dy, but also other rare earth 

elements such as Gd, Er, Nd, and Ho on the electrophysical and magnetic properties of InSb crystals. 

 

5. Conclusion 

As a result of the conducted studies, it was found that the electrophysical properties of InSb-based Hall 

sensors significantly depend on the degree of doping with rare earth elements. Samarium and dysprosium 

additions reduce the number of structural defects in the crystal lattice, increase the relaxation time of electrons, 
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and weaken the scattering of charge carriers. As a result, electron mobility increases, electrical conductivity 

increases, and the sensitivity of the Hall sensor improves. 

Comparison of experimental results with theoretical calculations showed that the selected physical model 

describes the dependence of the Hall coefficient and electron mobility on temperature with a sufficiently high 

accuracy. This agreement confirms the scientific basis of the conducted studies. 

It was determined that an addition of about 0.1 atomic percent of samarium can be considered the optimal 

doping level for InSb crystals. At this concentration, the sensitivity, temperature stability, and reliability of the 

Hall sensor are close to the maximum values. 

Thus, InSb-based semiconductors modified with rare earth elements are considered promising materials 

for the preparation of highly sensitive Hall sensors, and their wide application in the fields of modern 

electronics, automotive industry, space technology, and industrial automation is possible. 
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